Magnetic skyrmions are topologically non-trivial spin whirls that may not be transformed continuously into topologically trivial states such as ferromagnetic spin alignment. In recent years lattice structures composed of skyrmions have been discovered in certain bulk chiral magnets with non-centrosymmetric crystal structures. The magnetic phase diagrams of these materials share remarkable similarities despite great variations of the characteristic temperature, field, and length scales and regardless whether the underlying electronic state is that of a metal, semiconductor, or insulator.
I. INTRODUCTION AND OUTLINE
In 1961 British nuclear physicist Tony Skyrme proposed a theoretical model in which neutrons and protons arise as topological solitons of pion fields, i.e., fermions are derived from bosonic fields [1] [2] [3] . Representing the, perhaps, first example of what is now broadly referred to as fractionalization, the implications of Skyrme's model only began to be fully appreciated two decades later, when Witten and Adkins demonstrated its relevance for real experiments 4 . Since the days of this early work many different variants of Skyrme's original notion have been worked out in entirely different fields of physics. These states and excitations are now rather generously called skyrmions. Examples include areas as diverse as particle physics [4] [5] [6] [7] [8] , the quantum Hall state at half-filling 9-11 , Bose-Einstein condensates [12] [13] [14] , and liquid crystals 15 . However, in recent years skyrmions are probably most actively investigated in the area of solid state magnetism, where certain spin textures are referred to as skyrmions. These magnetic textures display a non-trivial real-space topology, i.e., it is not possible to continuously transform them into conventional (topologically trivial) forms of spin order such as ferromagnetism or antiferromagnetism.
While skyrmions were theoretically predicted to exist in non-centrosymmetric magnetic materials with uniaxial anisotropy as early as 1989 16, 17 , it was despite concerted efforts rather unexpected, when skyrmions in magnetic materials were identified experimentally for the first time in the cubic transition metal compounds MnSi 18 and Fe 1−x Co x Si 19 in the form of a lattice structure. Since then similar topologically non-trivial spin textures have been reported to exist for a rapidly growing number of rather different bulk and thin film systems. The interest driving this search for further materials stabilizing skyrmions is quite diverse, ranging from fundamental questions on the possible break down of Fermi liquid theory [20] [21] [22] all the way to new forms of spintronics applications 23 . From a practical point of view the most important implication of the non-trivial topology is their emergent electrodynamics leading to an exceptionally efficient coupling between the spin textures and spin currents 24, 25 . Further, the very detailed understanding of the spin excitations achieved to date suggests strongly that tailored microwave devices may be designed through the combination of different materials [26] [27] [28] [29] [30] .
A precondition for further advances is a detailed understanding of the magnetic phase diagrams of these compounds. In turn, this chapter provides a review of the most extensively studied class of skyrmion materials to date, namely cubic chiral magnets crystallizing in the space group P 2 1 3. We begin in Sec. II with a brief introduction to the basic properties of this class of compounds focusing on the salient properties of the skyrmion lattice state. This is followed by an introduction to the Ginzburg-Landau model of these materials in Sec. III.
The main part of this chapter in Sec. IV is dedicated to an account of the determination of magnetic phase diagrams based on measurements of thermodynamic bulk properties.
Despite great variations of the characteristic temperature, field, and length scales between the different materials of interest, the magnetic phase diagrams observed are remarkably similar. This brings us to a summary of the main consequences that arise from the non-trivial topological winding of skyrmions in Sec. V, in particular their emergent electrodynamics.
The chapter closes in Sec. VI with a brief account of topologically non-trivial spin structures as recently discovered in other materials.
II. SKYRMION LATTICE IN CUBIC CHIRAL MAGNETS
The helimagnetism of the materials reviewed in this chapter is homochiral with a modulation wavelength that is large as compared to typical lattice constants. The latter represents an important precondition for the description of the magnetic properties in a continuum model and the characterization of the topological properties. Well-known representatives are the (pseudo-)binary B20 transition metal monosilicides and monogermanides MnSi, Mn 1−x Fe x Si, Mn 1−x Co x Si, Fe 1−x Co x Si, FeGe, MnGe, and mixtures thereof, as well as the insulator Cu 2 OSeO 3 . All of these compounds crystallize in the space group P 2 1 3, which lacks inversion symmetry such that two crystalline enantiomers stabilize.
The long-wavelength helimagnetic order observed in these compounds originates in a wellunderstood set of hierarchical energy scales, as already pointed out in Landau-Lifshitz, Vol.
VIII, Sec. 52, 32 . On the strongest scale exchange interactions favor parallel spin alignment.
On intermediate scales isotropic Dzyaloshinskii-Moriya spin-orbit interactions arise due to the lack of inversion symmetry of the crystal structure favoring perpendicular spin alignment [33] [34] [35] . In competition with the stronger exchange a helical modulation is stabilized 36, 37 .
The chirality of the Dzyaloshinskii-Moriya interaction and thus of the helical modulation is fixed by the enantiomer of the crystal structure 38, 39 . Finally, on the weakest energy scale higher-order spin-orbit coupling terms, also referred to as crystal electric field effects or cubic anisotropies, determine the propagation direction of the helical modulations 40 .
The hierarchy of energy scales is directly reflected in a rather universal magnetic phase diagram, as schematically depicted in Fig. 1 The skyrmion lattice consists of a regular hexagonal arrangement of spin whirls, that may essentially be described by the phase-locked superposition of three helices under 120
• in a plane perpendicular to the applied magnetic field in combination with a ferromagnetic component along the field. Of particular interest is the non-trivial topology of this spin texture, meaning, it cannot be continuously transformed into a topologically trivial state such as a paramagnet, ferromagnet, or helimagnet. The associated winding number of the structure, Φ, is an integer and the integrated value of the skyrmion density, φ i , per magnetic unit cell, given by
where, ijk is the antisymmetric unit tensor andψ = M (r)/M (r) is the orientation of the local magnetization. Along the field direction the quasi two-dimensional spin structure repeats itself, forming skyrmion lines as depicted in the right panel of Fig. 1 . Perhaps most intriguing, the interaction of each skyrmion with an electron spin corresponds to one quantum of emergent flux and an emergent electrodynamics presented in Sec. V.
Experimentally, the existence of skyrmions was first recognized in the form of the skyrmion lattice as observed in reciprocal space using small-angle neutron scattering (SANS) in bulk samples 18, 19, [48] [49] [50] . Further detailed SANS studies on MnSi revealed the presence of weak higher-order scattering, indicating a weak particle-like character of the skyrmions.
The evolution of this higher-order scattering as a function of temperature and field proved the long-range crystalline nature of the skyrmion lattice and, in particular, the phase-locked multi-Q nature of the modulation at heart of the non-trivial topological winding 46 . These measurements were soon followed-up by real-space imaging studies using Lorentz force transmission electron microscopy (LF-TEM). This method is sensitive to in-plane com- antiparallel to the applied field, cf. blue color in Fig. 2(e) , i.e., the spin structure in the cubic chiral magnets in fact consists of anti-skyrmions.
Interestingly, when the size of bulk samples along the field direction becomes comparable to the helical modulation length, the skyrmion lattice extents over increasingly larger parts of the magnetic phase diagram as demonstrated in LF-TEM studies 51 . In contrast, the magnetic properties of epitaxially grown thin films of the same chiral magnets, forming equal crystalline domain populations with both chiralities in the same film, are still debated controversially [58] [59] [60] [61] . Here, in addition to the effects resulting from the heterochirality and the reduced dimensionality, strain arising from the lattice mismatch with the substrate needs to be taken into account.
III. THEORETICAL DESCRIPTION
The thermodynamic properties of the cubic chiral magnets may be described extremely well in the framework of a Ginzburg-Landau model of the free energy density, see also chapter by Markus Garst. It is convenient to distinguish two contributions, f = f 0 + f cub , where the first term accounts for isotropic contributions and the second term accounts for the effects of magnetic anisotropies. More specifically, f 0 includes ferromagnetic exchange, the Dzyaloshinskii-Moriya interaction as the highest-order (isotropic) spin-orbit coupling term, and the Zeeman term as the response on an external magnetic field. It may be written as:
We choose the three component order parameter field, ψ, with dimensionless units yielding a magnetization density M = µψ with µ = µ B /f.u., i.e., a single Bohr magneton per formula unit (µ B > 0). The parameter r tunes the distance to the phase transition, J is the exchange stiffness and u the lowest order mode-coupling parameter. The second term, Dψ(∇ × ψ), corresponds to the Dzyaloshinskii-Moriya interaction with the coupling constant D. This term is justified by the lack of inversion symmetry of the crystal structure. The last term describes the Zeeman coupling to an applied magnetic field H. An ansatz for a single conical helix is:
Here, ψ 0 is the amplitude of the homogeneous magnetization and Ψ hel is the complex amplitude of the helical order characterized by the pitch vector Q. The vectorsê 1 ×ê 2 =ê 3 form a normalized dreibein whereê
This brings us to the second term of the free energy density, f cub , which contains spinorbit coupling of second or higher order breaking the rotation symmetry of f 0 already in zero field.
This leading-order term of the cubic anisotropies, where J cub J, implies that the easy axis of the helical propagation vector is either a 100 or a 111 direction as explored by Bak and Jensen 40 . As the field is increased the Zeeman term gains importance and finally overcomes the cubic anisotropies, stabilizing the conical state with the propagation vector parallel to the magnetic field, in analogy to the spin-flop transition of a conventional antiferromagnet.
In order to account for more subtle effects, further cubic anisotropies need to be considered consistent with the non-centrosymmetric space group P 2 1 3.
While the contributions in f 0 and f cub are sufficient to describe the helical, the conical, the field-polarized, and the paramagnetic ground states, specific issues require consideration of the higher-order spin-orbit coupling terms mentioned above and other contributions. For instance, for an universal account of the collective spin excitations it is necessary to include dipolar interactions 29 . Moreover, just above the paramagnetic-to-helimagnetic phase transition at T c non-analytic corrections to the free energy functional arise from strong interactions between isotropic chiral fluctuations. These interactions suppress the correlation length and the second-order mean-field transition resulting in a fluctuation-disordered 
IV. MAGNETIC PHASE DIAGRAMS
In the following we focus on the determination of the magnetic phase diagrams of cubic chiral magnets based on magnetization, ac susceptibility, and specific heat data, where the conditions for determining the transition fields are confirmed by microscopic probes, notably extensive neutron scattering. In the first part of this section we present typical data, explain how transition fields or temperatures are defined, and illustrate that demagnetization effects may lead to significant corrections. This is followed in the second part by the presentation of magnetic phase diagrams of the most-extensively studied stoichiometric compounds MnSi, FeGe, and Cu 2 OSeO 3 as well as the magnetic and compositional phase diagrams of the most extensively studied doped compounds, namely Mn 1−x Fe x Si and Fe 1−x Co x Si.
A. Phase transitions in the susceptibility and specific heat
The different magnetic states in the cubic chiral magnets and the phase transitions between them give rise to distinct signatures in various physical properties. Experimentally, At the transition between the helical and conical state and in the regimes between the conical and the skyrmion lattice state dM/dH shows pronounced maxima that are not tracked by Re χ ac . In the former case this discrepancy may be attributed to the slow, complex, but well-understood reorientation of macroscopic helical domains. In the latter case the discrepancy is accompanied by strong dissipation, which may be inferred from Im χ ac in Fig. 4 (e) and attributed to regimes of phase coexistence between the conical and the skyrmion lattice state as expected for first-order phase transitions. In these regimes both Re χ ac and Im χ ac show a pronounced dependence on the excitation frequency with a characteristic frequency that increases with temperature 68, 77 .
We define the helical-to-conical transition at H c1 as the maximum of dM/dH that typi- Following the detailed description of data recorded in MnSi with the magnetic field applied along 100 , we now turn to Fig. 5 illustrating typical susceptibility data as a function of field for different field directions and materials. Fig. 5(a) shows data of MnSi for field applied along the major crystallographic axes after zero-field cooling measured on two cubes, i.e., with unchanged demagnetization effects. In general, the magnetic behavior is very isotropic. Changing the field direction only influences the weakest energy scale in the system, the cubic anisotropies, and has two well-understood consequences for the magnetic phase diagram. First, the helical-to-conical transition field is smallest for the easy axis of the helical propagation vector 111 and largest for the hard axis 100 . In addition, the transition is only second-order if it is symmetry-breaking and otherwise represents a crossover. Second, the extent of the skyrmion lattice in both temperature and field decreases as the conical state is favored by the cubic anisotropies, i.e., in MnSi it is largest for field along 100
and smallest for 111 . It is important to note, that even for field along the easy axis of the helix the skyrmion lattice is observed for all chiral magnets questioning a stabilization of the skyrmion lattice by cubic anisotropies only. In fact, for doped compounds such as Fe 1−x Co x Si or Mn 1−x Fe x Si the anisotropies are usually less pronounced or even completely suppressed, presumably due to the large amount of chemical disorder present in the system 19, 75 , and yet the skyrmion lattice state represents nonetheless a well-defined stable phase. 79 . In addition, in the cubic chiral magnets the susceptibility assumes essentially a constant value in the conical phase. Using the measured value, χ ext con , as a first approximation for the entire helimagnetically ordered part of the magnetic phase diagram, i.e., for T < T c and H < H c2 , the magnetization may be expressed as M (H ext ) = χ ext con H ext = χ int con H int . Hence, the internal and the externally applied magnetic fields are related by:
We note that the internal value of the constant susceptibility of the conical state, χ int con , is an important dimensionless measure for the effective strength of dipolar interactions in the chiral magnets 29 . If the magnetic properties and a second quantity, e.g., electrical resistivity, are determined on samples with differing demagnetization factors, N 1 and N 2 , the formula to calculate the internal field of the second sample may be written as:
In the field-polarized state above H c2 one may, again in first approximation, assume the magnetization as saturated and thus M (H ext ) = χ 
B. Magnetic phase diagrams for different materials
Using the definitions for the transition fields and temperature given in the previous subsection on susceptibility and specific heat data we have compiled magnetic and compositional phase diagrams of various cubic chiral magnets as shown in Fig. 6 . Data extracted from measurements of the derivative of the magnetization, the ac susceptibility, and the specific In stark contrast, applying accurately the same definitions given in the previous subsection to the data published in Refs. [72] [73] [74] provides the phase diagram shown in Fig. 6(d) .
This phase diagram strongly resembles that of the other cubic chiral magnets. The broad regimes of phase coexistence may be attributed to large demagnetization effects as a consequence of the relatively large absolute value of the susceptibility in FeGe and the shape of the samples used in these studies; we extract χ Most importantly, however, we observe no signatures of additional phase pockets or mesophases. We finally note that a temperature discrepancy of the maximum in the specific heat in Refs. 73, 74 indicates that care has to be taken when combining data from different samples or measurement setups.
Figs. 6(e) through 6(g) are dedicated to Fe 1−x Co x Si, a pseudo-binary B20 system that displays helimagnetism in a large composition range, 0.05 x 0.8 82, 85, 91 , albeit the parent compounds FeSi and CoSi are a paramagnetic insulator 92 and a diamagnetic metal 93 , respectively. Starting from the strongly correlated insulator FeSi 94 , an insulator-to-metal transition takes place around x ≈ 0.02 84 . However, due to the comparatively high absolute value of the electrical resistivity and an upturn at low temperatures helimagnetic Fe 1−x Co x Si is typically referred to as a strongly doped semiconductor 82, 86, 95 .
Compared to the stoichiometric helimagnets, Fe 1−x Co x Si offers the opportunity to vary the characteristic parameters of the helimagnetism over a wide range by compositional tuning while the magnetic phase diagrams stays that of a typical cubic chiral magnet, cf. Fig. 6 (e).
As summarized in Figs. 6(f) and 6(g), the helimagnetic transition temperature reaches up to ∼50 K, the critical fields assume values up to ∼150 mT, and the helix wavelength ranges from about 300Å to more than 2000Å. As for doped MnSi, a proper helical state is observed only after zero-field cooling. Fe 1−x Co x Si displays easy 100 axes that, especially for larger cobalt contents, are less pronounced than for other cubic chiral helimagnets 87 . For x = 0.20 a helical pitch along 110 was identified in Ref. 19 . The latter study also revealed the existence of a skyrmion lattice in Fe 1−x Co x Si that is sensitive to the field and temperature history. While the reversible pocket of skyrmion lattice state is comparable to other systems, field cooling may result in a metastable extension down to lowest temperatures allowing for conceptionally new types of experiments 31 . A similar behavior was later also discovered in low-quality MnSi samples under applied pressure 96 . Moreover, depending on the field direction, two Skyrmion lattice domains with different in-plane orientations were observed leading to a twelvefold small-angle scattering pattern 97 . Fig. 6 (h) finally shows the magnetic phase diagram of copper-oxo-selenite, Cu 2 OSeO 3 .
The crystalline structure of this compound is more complex than that of the B20 transition metal systems, but also belongs to space group P 2 1 3 98 . Magnetically, on the strongest scale Cu 2 OSeO 3 shows local-moment ferrimagnetic order of the spin- The origin of this notion may be seen in the hitherto unique opportunity to manipulate a topologically non-trivial entity of magnetoelectric nature using various external control parameters, see for example Refs. 28, [105] [106] [107] [108] .
V. EMERGENT ELECTRODYNAMICS
A particularly exciting consequence of the non-trivial topology of the skyrmions concerns their coupling to spin currents. In the following we focus on the consequences in metallic compounds and we refer to the chapter by Markus Garst for a more detailed account. The spin structure of the skyrmion, as seen from the point of view of an electron traversing it,
gives rise to real-space Berry phases which may be expressed as emergent magnetic and electric fields, B e i = 2 ijkψ · ∂ jψ × ∂ kψ and E e i = ψ · ∂ iψ × ∂ tψ , respectively, with ∂ i = ∂/∂r i and ∂ t = ∂/∂t 111 . As a consequence an additional topological contribution to the Hall effect may be observed in the skyrmion lattice state as illustrated in Fig. 7(a) 109 .
Using the charge carrier spin polarization P and assuming the absence of spin-flip scattering, while non-spin-flip scattering is captured by the normal Hall constant R 0 , the topological Hall contribution may be estimated as ∆ρ At higher pressures where static helimagnetic order in MnSi is fully suppressed at p c = 14.6 kbar more complex behavior has been observed, cf. inset of Fig. 7(b The efficient coupling of spin currents to the magnetic structure, together with the exceptional long-range order of the skyrmion lattice 46 and the resulting very weak collective pinning to defects, causes a sizeable response of the magnetic textures at ultra-low current densities. Above an exceptionally low threshold current density of the order of j c ∼ 10 6 A/m 2 the skyrmion lattice unpins and begins to drift 24, 118 . Numerical simulations revealed that the skyrmion motion exhibits a universal current-velocity relation that is (on the scale of the study) unaffected by impurities and non-adiabatic effects 119 . Flexible shape-deformations of individual skyrmions and the skyrmion lattice permit to avoid pinning centers.
Theoretically, the spin transfer torques in the cubic chiral magnets may be accounted for in the framework of a Landau-Lifshitz-Gilbert equation using the Thiele approach 120,121 .
Here, a Magnus force perpendicular to the current direction and a dissipative drag force along it are balanced by pinning forces, e.g., due to defects. The Magnus force represents the effective Lorentz force arising from the emergent magnetic field B e and leads to a certain angle between the current direction and the drift direction of the skyrmion lattice. According to Faraday's law of induction, a moving skyrmion, which supports exactly one quantum of Current research activities on topologically non-trivial spin states, however, are not restricted to cubic chiral magnets. In thin films or monolayers, where the inversion symmetry is broken by the surface, skyrmions may be stabilized by the Dzyaloshinskii-Moriya interaction as combined with four-spin exchange interactions 132, 133 . Another route towards skyrmionic textures may be long-range magnetodipolar interactions 134 . In such systems, it was already demonstrated that skyrmions may be created and annihilated individually using spin-polarized currents of a scanning tunneling microscope 133 or laser pulses 135 . The creation, manipulation, and the dynamics of skyrmions in thin films, nanowires, and patterned nanostructures offer great potential for future applications, see for instance Refs. 23, [136] [137] [138] [139] [140] [141] [142] [143] .
The efficient gyromagnetic coupling, the topological stability, and the small size of the skyrmions promise devices for ultra-dense information storage and spintronics 25 , while their unique collective excitations may be exploited for the design of conceptually new microwave devices 28, 29, 144 .
In parallel, topologically non-trivial spin states have been identified in a rapidly growing number of bulk compounds suggesting that these complex magnetic structures may be in fact rather common. In Fig. 8 we summarize three recent examples. The first material, CoZn, crystallizes in the cubic space group P 4 1 32 or P 4 3 32, depending on the handedness, and orders magnetically well above room temperature 145 . Doping manganese into the system, see Fig. 8(a) , reduces the transition temperature. Fig. 8(b) shows the magnetic phase diagram of Co 8 Zn 9 Mn 3 extracted from the magnetic susceptibility. It is highly reminiscent to that of the cubic chiral magnets including a pocket of skyrmion lattice state as identified by LF-TEM and SANS measurements 123 . Hence, the material system Co 10−x Zn 10−y Mn x+y is not only the first bulk compound with a space group other than P 2 1 3 that exhibits a skyrmion lattice state, but also the first compound stabilizing skyrmions above room temperature.
Another important example is shown in Fig. 8(c Last but not least, we return to MnGe which is isostructural to the cubic chiral magnets with a magnetic phase diagram that differs from the ones described so far. In this compound, 
